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§1. Handle Decomposition
[ 2-dim.

0-handle 1-handle 2-handle
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Figure 1-1 : 2-, 3-dim. handles
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Why (and When) handles are useful?

Annulus Moebius
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Figure 1-2 : homotopy eq. but not-homeo.
(M ~Mbut M2Z2M, Mx][0,1]= M x[0,1])



Terminology of handle

n-dim. i-handle D' x D"~! handle Core D' x {o}
Attaching part 9D’ x D"
Boundary part D' x D"
Attach Core dD" x {o} its parallel  9D' x {p}
Belt sphere {o} x 9D
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1-handle
Figure 1-3
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2-handle
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- 3-dim. handles



1-handle is identifying the two balls
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Figure 1-4 : 1-Handle

Only 1-handle can connect disjoint parts ...



Handle Slide (A slides over h)
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Figure 1-5 : Handle Slides
Mob ff Mob = puncKb, RP#RP? = Kb (ie. S1xS1)

Handle Cancel (h' and A"t cancel, if “Belt(h’) N At.core(h™™!) = {1pt}”)

Figure 1-6 : Handle Cancel



i-handle presents i-chain, i-cycle, or -homology
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Figure 1-7 : Handle presents Homology



Handle slide is “4+/— in homology”

Figure 1-7’



§2. 4-dim. case

exl.

ex?2.

exd.
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S? x, D?*:=05?00 D?*0 with Z-Z =n0 Z = zero section
9(S? x,, bwv = —L(n,1).
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2 x §? S?x S? (—CP?)
Figure M-H ;



Blow-Up
C?x CP! o U :={((z,w),[s : t]) |2t = ws}
HWZ | m=prl|y
C (z,w)
Note
(1) 7=z, w) = ((z,w), [z : w]) for (z,w) # (0,0)
(2) 7= 10,0) = CPt = §° (U = puncCP?)

local coordinates of U

CxC — U — CxC
(z,t) — ((z,2t),[1:t]) Q;

(ws,w),[s:1]) «— (w,s)
(2,1) — (21, 1)

In C?, (z,w) = (2,2t) = (ws,w).



2-handle slides Slide hs over hy
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Figure 2-2 :




2-handle slides
Attaching part Boundary part
0D? x D? D? x 0D?
0D? x 0D?
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Figure 2-2(2)



2-handle slides
Attaching part Boundary part
0D? x D? D? x 0D?
2 x 0D?
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Figure 2-2(3) :




2-handle slides

Attaching part Boundary part
0D? x D? D? x 0D?
2 x 0D?
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Figure 2-2(results) :

Framing of hj is ..



Useful Formula FO: “A component with O-framed meridian” can be taken out.
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Figure 2-3 :



Useful Formula F1: related to Blow-up
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Figure 2-4 :



Useful Formula F1: related to Blow-up
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Intersection form = linking matrix.

2 1 0 0 0 0 0 0] @ ?6
1 =2 1 0 0 0 0 0 —
0O 1 -2 1 0 0 0 0 _
0O 0 1 -2 0 0 0 0
kg = o 0 0 1 -2 1 0 1
O 0 0 0 1 -2 1 0
o 0 0 0 0 1 -2 1
O 0 0 0 1 0 1 -2

Figure 2-5 : Z.maix Eg and Es-manifold
OFs =%(2,3,5) :={(x,y,2) € S> C C* |z* + 3’ + 2° = 0 } “Poincare sphere”



Exercise.

(52 x S2)iCP? =~ CPHCPHCP? =~ (S2xS2)4CP2
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Figure 2-6 :

Hy(CP?*Z)® Hy(CP% Z) ® Hy(CP? Z)
D NQH D N@w.

Hy(CP*#CP*CP2%Z) =



Exercise. (5% x S?)iCP2 = CP*CP%CP? ~ (S2xS2)iCDP?
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Figure 2-6’:

In (S? x S*)§CP?, the class [S? x {p}]is h + e, [{p} x S?]is —e; — h.
the class [CPY] in CP%is h + €1 + ea.




§3. 4-dim. with 1-handles

Figure 3-1: T? x D?



§3. 4-dim. with 1-handles

Figure 3-2 : The Cusp fiber



Mazur manifold is contractible, but Not a ball
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Figure 3-3 : Mazur manifold



Question.
[J 71 of this manifold?,

[J boundary of it?,
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Figure 3-4 : a 4-manifold
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Figure 3-4(2) : the 4-manifold

is a Q homology-ball whose m = Z /27, and boundary is L(4,1).
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g84. 3-dim. manifolds, Kirby Calculus

Dehn surgery coefficient = Framing = a parallel curve, or the linking number. Remove and
Reglue Solid torus along each component such as “the meridian comes to the parallel”
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Thm. [Lickorish '62]
Any closed connected oriented 3-manifold is obtained by a framed link L in S°.

Notation: M (L), or (K;p).




Framed Links for Lens L(p, q)

L(18,11)0 = L(18,5)0
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